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It is known that the maximal order of a cyclic group of automorphisms admitted
by a bordered Klein surface or real algebraic curve of algebraic genus p is 2 p or
Ž .2 p 1 , depending on whether p is odd or even. In this paper, we classify the
automorphism groups of all bordered Klein surfaces or real algebraic curves which
Ž .admit an automorphism group of order 2 p, if p is odd, or 2 p 1 , if p is even.
The topological type of each of these surfaces is determined. The defining
equations of these real algebraic curves are presented in all but two cases. For
these cases examples are given.  2001 Academic Press
There is a considerable amount of research devoted to determining
which compact Riemann and Klein surfaces admit a group of automor-
 phisms of a given order. For example, it was determined by Accola 1 and
 Maclachlan 6 that for each genus g 2, there exists a Riemann surface
X which has genus g and possesses 8 g 8 automorphisms. In addition,g
they showed that there are infinitely many g for which there is no
Riemann surface of genus g which possesses more than 8 g 8 automor-
 phisms. Similarly, May showed 9 that for each p 2, there exists a
Ž .bordered Klein surface X of algebraic genus p which possesses 4 p 1p
or 4 p automorphisms depending on whether X is orientable or not. Hep
1 Partially supported by DGICYT PB98-0017.
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 also showed 8 that for each p 2, there exists a bordered Klein surface
X of algebraic genus p which possesses a cyclic group of automorphismsp
Ž .of order 2 p 1 or 2 p depending on whether p is even or odd. In each
case these bounds are sharp.
Upon closer examination, the Riemann and Klein surfaces considered
above possess a curious property. Although these surfaces are numerous
enough to exist for each g or p greater than two, any Riemann or Klein
surface which possesses the above number of automorphisms has a re-
stricted group structure. Specifically, a Riemann surface which possesses
8 g 8 automorphisms is either hyperelliptic, or belongs to a family
     discovered by Kulkarni 5 . Similarly, building upon 7, 9 , Bujalance 3
Ž .showed that if a Klein surface possesses 4 p 1 or 4 p automorphisms,
then it has an automorphism group isomorphic to either the semi-direct
product of D and Z , or D .p1 2 2 p
In this paper we examine bordered Klein surfaces X which possess ap
Ž .group G of automorphisms of order 2 p 1 , if p is even, or 2 p, if p is
odd. We prove that G must be either a cyclic group or an extension of a
cyclic group by Z . For each such surface we determine its topological2
type. The results on bordered Klein surfaces may be expressed in terms of
 real algebraic curves 2 . Therefore, we present the defining equations of
such Klein surfaces as real algebraic curves in all but two cases. For these
cases, examples are given.
I. PRELIMINARIES
Let U denote the upper half plane, let  denote the group of isometries
of U, and let X be a compact Klein surface of algebraic genus p 2.
Then X can be realized as U for some non-Euclidean crystallographic
Ž .NEC group. In addition,  can be chosen to be a surface group,
meaning that it has no nonidentity orientation preserving elements of
finite order. If X admits a group of automorphisms G, then there exists an
NEC group , such that G , and XG and U are equivalent
Klein surfaces. Important properties of  are contained in its signature
 g ; ; m , m , . . . , m ; n , . . . , n , . . . , n , . . . , n . 1Ž . Ž . Ž . 4ž /1 2 r 11 1 s k1 k s1 k
The above signature indicates that U has topological genus g and k
boundary components. Each m is called a proper period, each n isi i j
Ž .called a link period, and each term n , . . . , n is called a period cycle ofi1 i s i
. Since X is represented by the surface group  it has a signature of the
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form
 g ; ;  ;  , . . . ,  . 2 4Ž . Ž . Ž .Ž .
Ž .Let k denote the number of empty period cycles in 2 . The Riemann
Hurwitz formula yields that
 g  k 2
 G
sjr k1
	  g k 2 1 1m  1 1n . 3Ž .Ž . Ž .Ý Ý Ýj i j2j	1 i	1 j	1
The algebraic genus p of a Klein surface is defined to be the genus of its
Ž .Riemann double cover. If the surface has signature 1 , then p	  g k
 1, where  equals 2 or 1, depending on whether there is a  or  in
the signature.
Ž .It is well known that a Klein surface with signature 1 exists if and only
Ž .if the right hand side of 3 is positive. Therefore, a way to construct Klein
surfaces with a given automorphism group G is to define a group homo-
Ž .morphism  from an NEC group , with signature 1 , onto a finite group
Ž .G. If 	 ker  , then the Klein surface U admits G  as a
group of automorphisms.
Any group G which is an extension of a cyclic group by Z has the2
presentation
² p1 2 :A , B  A 	 B 	 1, BAB	 A , 4Ž .
where  2 1 mod p 1. We will use this presentation throughout the
paper. In addition, we denote the greatest common divisor of the integers
Ž .a and b by gcd a, b .
II. THE CASE WHERE p IS EVEN
THEOREM I. Let X be a bordered Klein surface of algebraic genus p which
possesses a group of automorphisms G of order 2 p 2. Then X is orientable
Ž .and G is isomorphic to a group with the presentation 4 aboe.
Ž .Proof. Let  be an NEC group with signature 2 such that X	U.
Ž .Then there exists an NEC group , of signature 1 with k 1, such that
U is isomorphic to the orbit space XG. Let p denote the algebraic
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Ž .genus of X. The RiemannHurwitz formula 3 yields that
1 p 1

2 2 p 1Ž .
sjr k1
	  g k 2 1 1m  1 1n . 5Ž . Ž .Ž .Ý Ý Ýi i j2i	1 i	1 j	1
Ž .Assume that 	 2. Since k 1 it follows from 5 that g	 0 and
Ž .k
 2. However, if k	 2 then 5 yields that  has the signature
Ž   Ž . Ž .4. Ž .0;;  ;  , n . Thus from 5
p 1 1 1 n 1
	  	 ,
2 p 1 2 2n 2nŽ .
Ž .so n	 p 1 2, which contradicts that p is even.
Ž .Now assume 	 1. Thus from 5 , g	 1 and k	 1. However, an
 application of a theorem in 4 yields that if there is a nonempty period
Ž .cycle, then it must have two link periods equal to 2. Considering 5 , this is
impossible. If there are no nonempty period cycles, then there must exist a
Ž .proper period. Considering 5 , this is also impossible.
Thus we conclude that 	 2, g	 0, and k	 1. Thus  has the
signature
 0;; m , m , . . . , m ; n , n , . . . , n . 6 4Ž . Ž .Ž .1 2 r 1 2 s
Ž .Using these values, 5 becomes
r s1 p 1 1
 	1 1 1m  1 1n . 7Ž . Ž . Ž .Ý Ýi i2 2 p 1 2Ž . i	1 i	1
We examine the following cases.
 The period cycle is empty.
If there is an empty period cycle, then r	 2. Thus, in this case  has the
Ž   Ž .4.signature 0;; m , m ;  where we assume m 
m . If m 	 2,1 2 1 2 1
Ž . Žthen 7 yields that m 	 p 1 and so  has the signature 0;;2
  Ž .4. Ž .2, p 1 ,  . If m 	 3, then 7 yields that1
6 p 6
m 	 . 8Ž .2 p 7
Ž .The only values which satisfy 8 are m 	 3, 4, or 5, which yield p	 5, 11,2
29, respectively. All of these contradict the assumption that p is even. It
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Ž .follows from 7 that m  4. Thus if there is an empty period cycle, then1
Ž   Ž .4.the signature of  is 0;; 2, p 1 ,  .
 The period cycle is nonempty.
 Now assume that there are link periods. By 4 , there must be two link
periods equal to 2, say n 	 n 	 2.1 2
If s	 2, then there are no other link periods and there must be exactly
Ž .one proper period m . Thus 7 yields that m 	 p 1, so  has the1 1
Ž   Ž .4.signature 0;; p 1 , 2, 2 .
Ž   Ž .4. Ž .If s	 3, then the signature of  is 0;; m , 2, 2, n and 7 yields
that
p 1 1 1
	 1  .
2 p 1 m 2nŽ .
There are exactly two solutions to this; the solutions yield the signatures
Ž   Ž .4. Ž   Ž .4.0;; 2 , 2, 2, n and 0;; 3 , 2, 2, 2 . In the former case, n	
Ž .p 1 2 while the latter case yields that p	 11. Both of these contra-
dict that p is even.
Ž   Ž .4.If s	 4, then r	 0, so the signature of  is 0;;  , 2, 2, n , n .3 4
Ž .Thus from 7 we have
p 1 1 1
	 1  .
p 1 n n3 4
Ž   Ž .4.If n 	 n , then n 	 n 	 p 1 and 0;;  , 2, 2, p 1, p 1 is3 4 3 4
the signature of . We now show that this is the only possible signature if
s	 4. If n  n , then n and n are both less than p 1; otherwise G3 4 3 4
 contains the dihedral group D and therefore G  2 p 2. However,n4
this yields that
p 1 1 1 1 1 1 1
	 1   1 ž /ž /2 p 1 2 n n 2 p 1 p 1Ž . 3 4
p 1
	 .
2 p 1Ž .
Ž  If s	 5, then the only possible signatures for  are 0;;  ;
Ž .4. Ž   Ž .4.2, 2, 2, 2, n and 0;;  , 2, 2, 2, n , n with 3
 n 
 n . In the5 4 5 4 5
Ž . Ž .first case, we deduce from 7 that n 	 p 1 2, which contradicts that5
p is even. In the second case, the only possibilities are n 	 3 and4
 4n  3, 4, 5 . Each of these yield that p is odd. Thus the signature of 5
Ž .cannot have s	 5. From 7 we obtain that s cannot be greater than 5.
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In summary, we list the only possible signatures for .
Ž . Ž   Ž .4.1 0;; 2, p 1 , 
Ž . Ž   Ž .4.2 0;; p 1 , 2, 2
Ž . Ž   Ž .4.3 0;;  , 2, 2, p 1, p 1
To each signature above, we associate a presentation for .
Ž . ² 2 p1 2 1 :1 x , x , c , e  x 	 x 	 c 	 x x e 	 e c e c 	 11 2 1 1 1 2 1 1 2 1 1 1 1 1
Ž . ² p1 2 2 2 Ž .22 x , c , c , c , e  x 	 x e 	 c 	 c 	 c 	 c c 	1 1 2 3 1 1 1 1 1 2 3 1 2
Ž .2 1 :c c 	 e c e c 	 12 3 1 1 1 3
Ž . ² 2 2 2 2 Ž .2 Ž .23 c , c , c , c  c 	 c 	 c 	 c 	 c c 	 c c 	1 2 3 4 1 2 3 4 1 2 2 3
Ž . p1 Ž . p1 :c c 	 c c 	 13 4 4 1
Since each signature has a proper period or link period equal to p 1
and the group G has order 2 p 2, we deduce that G is congruent to the
Ž .group with presentation 4 .
Epimorphisms onto G
We now study the possible epimorphisms  : G where  has one of
Ž .the above signatures and G has the presentation 4 .
Ž .If  has signature 1 then
 x 	 B ,  x 	 A ,  e 	 A1B ,  c 	 1.Ž . Ž . Ž . Ž .1 2 1 1
Ž . Ž .In this case, ker  is orientable and has 2 p 1 k empty period cycles
1 Ž 1 . Ž 1 1 .where k is the order of A B. Note that ord A B 	 2 ord A BA B
Ž 1. Ž . ŽŽ .Ž . Ž .	 2 ord A . Therefore the signature of ker  is p 1 k 2  2k ;
  Ž . Ž . Ž .4. Ž .;  ,  ,  , . . . ,  , where there are gcd  1, p 1 empty pe-
riod cycles.
Ž .If  has signature 2 , then  is defined by
 x 	 A ,  e 	 A1 ,  c 	 B ,Ž . Ž . Ž .1 1 1
 c 	 1,  c 	 ABA1 .Ž . Ž .2 3
Ž . Ž . Ž .In this case, ker  is orientable and has t	 2 p 1  2k empty
period cycles, where k is the order of A1. Therefore the signature of
Ž . ŽŽ .Ž . Ž .   Ž . Ž .4.ker  is p 1 k 1  2k ;;  ,  , . . . ,  , where there are
Ž .gcd  1, p 1 empty period cycles.
Ž .If  has signature 3 then 	1 and G	D , the dihedral groupp1
Ž .of order 2 p 1 . In this case,  is defined by
 c 	 B ,  c 	 1,  c 	 AB ,  c 	 A	B ,Ž . Ž . Ž . Ž .1 2 3 4
KLEIN SURFACES 565
where 	 and p 1 are relatively prime and  	 and p 1 are
relatively prime.
Ž . Ž . Ž .In this case ker  has 2 p 1  2k empty period cycles, where k is
the order of A. Note that  is the sum of two integers relatively prime to
ŽŽ .Ž .p  1, namely 	 and 	    	. Therefore p  1 k  1 1
Ž .   Ž . Ž . Ž .4. Ž .2k ;;  ,  ,  , . . . ,  , where there are gcd 	 	 , p 1 pe-1
Ž .riod cycles, is the signature of ker  .
We summarize the possible topological types for X. If G is not dihedral,
Ž . Ž .then X has either gcd  1, p 1 or gcd  1, p 1 boundary com-
Ž .ponents. If G is dihedral, then X has gcd 	 	 , p 1 boundary1
components for two integers 	 and 	 , both relatively prime to p 1.1
Furthermore, there is a Klein surface corresponding to any such pair of 	
and 	 .1
III. THE CASE WHERE p IS ODD
 THEOREM. Let G 	 2 p, where p is an odd integer. Then GD orp
Z . Moreoer,2 p
Ž .1 If GD and X is nonorientable, then X has d boundary compo-p
nents where d diides p. If GD and X is orientable, then X possessesp
Ž . Ž .gcd  , p  gcd  1, p boundary components for some 0
  p. In
either case, gien any such d or  , there exists a Klein surface with the
corresponding number of boundary components.
Ž .2 If G Z , then either X has two boundary components and is2 p2
orientable or X has p boundary components and is nonorientable. In either
case, X is hyperelliptic.
Proof. We use notation analogous to that of Section II. From the
Ž .RiemannHurwitz formula 3 and an argument similar to the case for
even p we obtain
sjr k1 p 1 1
 	  g k 2 1 1m  1 1n .Ž . Ž .Ý Ý Ýi i j2 2 p 2i	1 i	1 j	1
9Ž .
Recall that k 1. As in the case where p is even, if 	 2 then g	 0 and
k
 2, while if 	 1, then g	 1 and k	 1. As in the previous case, we
can show that the case 	 1 cannot occur. Thus we may assume 	 2
and g	 0. If k	 2, then the only possible signature for  is
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Ž   Ž . Ž .4. Ž .0;;  ;  , n . From 9 , we obtain
p 1 n 1
	 ,
2 p 2n
Ž   Ž . Ž .4.which yields n	 p, and thus the signature for  is 0;;  ;  , p .
We now examine the remaining cases. Thus we may assume  has the
signature
 0;; m , m , . . . , m ; n , n , . . . , n 4Ž .Ž .1 2 r 1 2 s
and satisfies
r s1 p 1
 	1 1 1m  12 1 1n . 10Ž . Ž . Ž .Ý Ýi i2 2 p i	1 i	1
 The period cycle is empty.
Ž   Ž .4.If s	 0, then r	 2 and the signature of  is 0;; m , m ; 1 2
Ž .with m 
m . If m 	 2, then 10 yields that m 	 2 p and the signa-1 2 1 2
Ž   Ž .4. Ž .ture of  is 0;; 2, 2 p ;  . If m 	 3, then 10 yields that m 	1 2
Ž . Ž .6 p  3 p . If m 	 3, then p	 3. If m 	 5 then p	 15. Each of2 2
these two cases cannot occur. If p	 3, then a group of order 6	 2 p
cannot be generated by elements of order 3. Similarly a group of order
30	 2 p cannot be generated by elements of order 3 and 5. If m 	 4,2
then p	 6, which contradicts that p is odd, and the case where m  6 is2
impossible. Similarly, m  4 also cannot occur.1
 The period cycle is nonempty.
 Assume now that there are link periods. By 4 the signature for  must
contain two link periods equal to 2, say, n 	 n 	 2. If there are no other1 2
Ž .link periods, then there exists exactly one proper period m . From 10 we1
Ž   Ž .4.obtain m 	 2 p and the signature of  is 0;; 2 p ; 2, 2 . If s	 3,1
Ž   Ž .4.then the signature of  is 0;; m ; 2, 2, n , and
p 1 1 1
	 1  . 11Ž .
2 p m 2n
Ž . Ž   Ž .4.The solutions to 11 yield the signatures 0;; 2 ; 2, 2, p , and
Ž   Ž .4.0;; 3 ; 2, 2, 2 . The latter case yields p	 6, which contradicts that p
is odd.
Ž   Ž .4.If s	 4, then r	 0, and the signature of  is 0;;  ; 2, 2, n , n ,3 4
where we assume that n 
 n . Thus3 4
p 1 1 1
	 1  .
p n n3 4
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If n 	 n , then n 	 2 p which is impossible since this would imply that3 4 3
G, which has order 2 p, contains D . Moreover, if n  n we obtain a2 p 3 4
contradiction by an argument analogous to the one used when p is even.
If s	 5, then the only possibilities for the signature of  are
Ž   Ž .4. Ž   Ž .4.0;;  ; 2, 2, 2, 2, n and 0;;  ; 2, 2, 2, n , n , where 3
 n5 4 5 4
Ž .
 n . In the first case, 10 yields that the signature of  is5
Ž   Ž .4.0;;  ; 2, 2, 2, 2, p . In the second case, the only possibilities are
 4n 	 3 and n  3, 4, 5 . These values yield p	 6, p	 12, or p	 30, all4 5
Ž .of which contradict that p is odd. From 10 , we obtain that s 6.
Summing up all of the above cases, we have that the possible signatures
for  are:
Ž . Ž   Ž .4.1 0;; 2, 2 p ;  .
Ž . Ž   Ž .4.2 0;; 2 p ; 2, 2 .
Ž . Ž   Ž .Ž .4.3 0;;  ;  p .
Ž . Ž   Ž .4.4 0;;  ; 2, 2, 2, 2, p .
Ž . Ž   Ž .4.5 0;; 2 ; 2, 2, p .
To each signature we associate a presentation for .
Ž . ² 2 2 p 2 1 :1 x , x , c , e  x 	 x 	 c 	 x x e 	 e c e c 	 11 2 1 1 1 2 1 1 2 1 1 1 1 1
Ž . ² 2 p 2 2 2 12 x , c , c , c , e  x 	 x e 	 c 	 c 	 c 	 e c e c 	1 1 2 3 1 1 1 1 1 2 3 1 1 1 3
Ž .2 Ž .2 :c c 	 c c 	 11 2 2 3
Ž . ² 2 2 2 Ž . p3 c , c , c , e , e  c 	 c 	 c 	 e e 	 c c 	11 21 22 1 2 11 21 22 1 2 21 22
1 1 :e c e c 	 e c e c 	 11 11 1 11 2 21 2 22
Ž . ² 2 2 2 2 2 Ž .2 Ž .24 c , c , c , c , c  c 	 c 	 c 	 c 	 c 	 c c 	 c c 	1 2 3 4 5 1 2 3 4 5 1 2 2 3
Ž .2 Ž .2 Ž . p :c c 	 c c 	 c c 	 13 4 4 5 5 1
Ž . ² 2 2 2 2 15 x , c , c , c , c , e  x 	 x e 	 c 	 c 	 c 	 e c e c 	1 1 2 3 4 1 1 1 1 1 2 3 1 1 1 4
Ž .2 Ž .2 Ž . p :c c 	 c c 	 c c 	 11 2 2 3 3 4
For each signature, p is either a link period or 2 p is a proper period;
thus G Z or D .2 p p
We now study the possible epimorphisms  : G, where  has one of
the above signatures.
Epimorphisms onto a Dihedral Group
² p 2 :Assume that GD  A, B  A 	 B 	 BABA	 1 . We note that p
Ž . Ž .cannot have signatures 1 and 2 , since each of these imply  contains an
element of order 2 p.
Ž .If  has signature 3 , for j	 0 or 1,  is defined by
 c 	 1,  e 	 B jAŽ p1.2 ,  c 	 B ,Ž . Ž . Ž .11 1 21
 c 	 BA,  e 	 B jAŽ1p.2 .Ž . Ž .22 2
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Ž . Ž .Since the order of  e is p or 2, we see that ker  has 2 or p period1
ŽŽ .   Ž .Ž .4.cycles. Thus  has the signature p 1 2;;  ;   or
Ž   Ž . Ž .4.1;;  ;  


  , where in the latter signature there are p period
Ž .cycles. In addition, ker  is not hyperelliptic because D does not have ap
central element.
Ž .If  has signature 4 , then  is defined by
 c 	 B ,  c 	 1,  c 	 BA ,Ž . Ž . Ž .1 2 3
 c 	 1,  c 	 BA.Ž . Ž .4 5
Ž . Let k equal the order of  c c 	 A and let k equal the order of1 1 3 2
Ž . 1 c c 	 A . Then the number of period cycles is k	 pk  pk 	3 5 1 2
Ž . Ž . ŽŽ .gcd  , p  gcd  1, p . Thus the signature of  is p 1 k 2;
  Ž . Ž .4.;  ;  


  , where there are k period cycles.
Ž .If  has signature 5 , then  is defined by
 x 	 AB ,  e 	 AB ,  c 	 A2B ,  c 	 1,Ž . Ž . Ž . Ž .1 1 1 2
 c 	 BA,  c 	 B.Ž . Ž .3 4
Ž .Since x c x c  ker , then there is a minus sign in the signature for1 4 3 4
Ž . Ž . 21ker  . Note that  c c 	 A . The number of period cycles is k1 3
Ž . Ž . Ž  gcd 2 1, p ; thus the signature of ker  is p 1 k;;  ;
Ž . Ž .4. 


  , where there are k period cycles. Since p is odd, for any
Ž .divisor d of p, there exists a  such that d	 gcd 2 1, p .
Epimorphisms onto a Cyclic Group
Assume G Z and let x generate Z . In this case  cannot have2 p 2 p
Ž . Ž . Ž .signatures 3 , 4 , and 5 since G does not contain D .p
Ž .If  has signature 1 , then  is defined by
 c 	 1,  e 	 x p1 ,  x 	 x p ,  x 	 x .Ž . Ž . Ž . Ž .1 1 1 2
Ž . ŽŽ .   Ž .Ž .4.Thus ker  has the signature p 1 2;;  ;   . We see that
1Ž² p:. Ž  X is hyperelliptic because  x has the signature 0;; 2, 2, . . . , 2 ;
Ž .4. , where there are p 1 proper periods.
Ž .If  has signature 2 then  is defined by
 x 	 x ,  e 	 x1 ,  c 	 x p ,Ž . Ž . Ž .1 1 1
 c 	 1,  c 	 x p .Ž . Ž .2 3
p Ž . Ž .Thus x c  ker  , so thus ker  is nonorientable and has signature1 1
Ž   Ž . Ž .4.1;;  ;  


  , where there are p period cycles. In addition,
1Ž² p:. Ž Ž .4. x has signature 0;; 2, 2, . . . , 2 , where there are 2 p proper
periods; therefore X is hyperelliptic.
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IV. DEFINING EQUATIONS
We now determine defining equations for the Klein surfaces which were
found in the previous sections. Let W denote a Klein surface with a group
G of automorphisms of order 2 p or 2 p 2, and let X denote the orbit
space WG. Then G induces a group of orientation preserving automor-
ˆ ˆ ˆphisms G of its double cover W. Let X denote the double cover of X ; it is
ˆ ˆ ˆ ˆeasy to see that WG	 X. The symmetry  : WW induces a symmetry
Xˆ X. For each signature we determine the defining equation of the
ˆRiemann surface W and an explicit calculation of the symmetry  such
ˆ ² :that W	W  . Frequently we will need to examine a Riemann surface
ˆ ˆlying between W and X. This surface will always be denoted by Z. The
symmetry induced by  on Z will be denoted by either  , or  . RecallZ
that each Riemann surface is uniquely determined by its field of meromor-
ˆ ˆphic functions. The Riemann surfaces W, Z, and X have meromorphic
ˆ ˆŽ . Ž . Ž .function fields denoted by C W , C Z , and C X , respectively. With the
ˆ ˆ ˆŽ . Ž . Ž .above setup, C Z is an intermediate field between C W and C X . If X
ˆŽ .is the Riemann sphere, then C X is the field of rational functions in the
Ž .variable x and will also be denoted by C x . Each automorphism and
symmetry induces a field automorphism of the field of meromorphic
functions of the surface. Conformal automorphisms act as the identity on
ˆC and symmetries act as the identity on R. In particular, if X is the
ˆRiemann sphere, conjugation on X induces the automorphism ii
ˆ ˆŽ .and x x of C x . For the remainder of the paper W, W, X, X, Z,  ,
ˆ , G, and G will have the above meanings.Z
We freely use the following results concerning defining equations.
n ˆŽ . Ž . Ž .PROPOSITION. 1 Assume w  r x s x is a defining equation of W,
Ž . Ž .where r x and s x are relatiely prime polynomials. Then there is a defining
ˆ n Ž . Ž .equation for W of the form w  f x , where f x is a polynomial. One such1
Ž . Ž . Ž . n1Ž .equation is obtained by defining w  s x w and f x 	 r x s x .1
ˆ d nŽ .2 Assume W has a defining equation of the form w 
Ž .d m Ž . Ž . Ž . Ž .x a f x , where m, n 	 1, n, d 	 1 and f x is a polynomial. Then
ˆ d n dŽ . Ž .there is a defining equation for W of the form w  x a f x . One such1 1
Ž .equation can be obtained in the following way. Since m, n 	 1, there exist
Ž .integers u and  such that mu	 1 n . We can choose u so that d, u 	 1.
d nu Ž .d mu uŽ . Ž .dd n uŽ . ŽThus w 	 x a f x 	 x a f x . Thus define w 	 x1
. u Ž . uŽ . Ž . a w and f x 	 f x . Since u, dn 	 1, note that w can be expressed1
ˆŽ . Ž . Ž .in terms of w and x; thus C w , x 	 C w, x 	 C W .1 1
n m ˆŽ . Ž . Ž . Ž .3 Let w  x a f x be a defining equation for W, where x a
Ž .and f x are relatiely prime polynomials. Assume that m	 nu , where
ˆ n Ž . Ž .u 1. Then W has a defining equation of the form w  x a f x , by1
Ž .udefining w  w x a .1
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n ˆŽ . Ž . Ž .4 Let w  r x s x 	 0 be a defining equation for W, and assume
Ž . Ž . Ž .mr x and s x are polynomials with no factors in common. Assume x a
Ž .m1diides either r or s and x a does not. Let d denote the greatest
ˆcommon factor of m and n. Then there exist d points of W which lie oer the
ˆpoint a X, and the ramification index there is nd.
ˆ ˆŽ . Ž . Ž .5 Assume C W is a cyclic Galois extension of degree n of C X .
ˆ ˆŽ . Ž . Assume that C W 	 C X w , and that the automorphism A is the identity
ˆŽ . Ž .on C X but A w 	 w, where  is a primitie nth root of unity. Assume 
ˆŽ .is a symmetry or an automorphism of C W of order 2, and assume
 n1 ˆŽ . Ž .A	 A . Let  w 	 a  a w 


 a w , where each a  C X .0 1 n1 i
Then
n1A w 	 a  a w  


 a w ,Ž . Ž . Ž .0 1 n1
 A w 	  i a  a w 


 a w n1 ,Ž . Ž .0 1 n1
where i	1 if  is a symmetry, but i	 1 otherwise. We obtain that each
a 	 0 except for a , if i	 1, and a , if i	1. In particular, we hae thej  n
following cases. If the automorphism B has order two and BAB	 A1, then
ˆŽ . Ž .B w 	 h w, for some h  C X . If  is a symmetry which commutes1 1
ˆŽ . Ž .with A, then  w 	 h w for some h  C X .2 2
ˆŽ .6 Recall the definitions of  and G from the beginning of this section.
ˆ ˆ ˆ ˆIf gG, then g	  g. Let HG, and let Z	WH. Then GH is a
group of automorphisms of Z, and  induces a symmetry,  of Z. IfZ
ˆg GH, then g  	  g .Z Z
Ž . Ž .7 Assume that the polynomial F x, w is a defining equation for a
Ž .Riemann surface X and r, s is a nonsingular solution of F. If X admits a
Ž .symmetry, then there exists an induced symmetry  on C X such that
Ž . Ž . i 	i. Note that r, s is the unique point on F which satisfies x r	 0
Ž . Ž .and w s	 0. Then r, s is a fixed point of  if and only if r, s is also a
Ž . Ž .solution of  x  r and  w  s. In particular, we hae the following
Ž . Ž .cases. Assume r, s is a fixed point of  . If  x 	 x, then r is real. If
Ž . Ž . x 	x, then r is pure imaginary. If  x 	 1x, then r is a complex
 number with r 	 1.
Defining Equations for Een p
Ž   Ž .4.1. The Signature 0;; 2, p 1 ; 
Assume that  from Section II has the above signature. Then  has
ˆŽ   Ž .4.signature 0;; 2, 2, p 1, p 1 ;  and the four points of X
U fixed by the elliptic elements of  lie above interior points of
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ˆXU. Note that X is the Riemann sphere. We now divide our
argument into two cases.
ˆŽ . ² :a Assume that G Z 	 A . Let us choose coordinates so2 p2
ˆthat the induced symmetry on X is conjugation. Since the four ramified
ˆpoints of X lie over interior points of X, they must have coordinates x ,1
x , x , x , where x and x are not real, and are not the point at infinity.1 2 2 1 2
ˆ ˆIn the covering of X by W, there are two points with ramification index 2
ˆŽ .and two points with ramification index p 1. Since C W is a cyclic
Ž .extension of C x , the proposition yields that there is a defining equation
ˆ 2 p2Ž . Ž . Ž .of C W of the form w  f x , where f x is a polynomial and each
Ž . Ž .factor of f x has degree between 0 and 2 p 2. The only roots of f x
are x , x , x , and x . Since the point at infinity is not ramified, the degree1 1 2 2
Ž .of f x is a multiple of 2 p 2. Assume x 	 a bi, where a and b are1
Ž .Ž .real. Since b 0, by applying the real transformation x 1b x a
we may assume that x 	 i. Since this transformation is real, in these new1
ˆcoordinates the symmetry  on X is still conjugation. Thus we may
Ž . Ž . Ž . Ž .assume the nontrivial factors of f x are x i , x i , x x , and3
Ž .x x for some complex number x 	 c di, where d 0. Note that a3 3




fixes both i and i. If c 0, define
24 2 2 2 2 2'c  2c d  1  d  1  c  d  1Ž . Ž .
	 . 2Ž .
2c
Ž .Then  is a real number, and one can check that the map 1 maps c di
to a complex number with real part equal to 0. Thus we may assume the
Ž . Ž . Ž . Ž . Ž .nontrivial factors of f x are x i , x i , x ki , and x ki for
some nonzero real number k1. Let us assume that i is the point with
ramification index 2. Thus i has ramification index 2, and ki and ki
ˆhave ramification index p 1. A defining equation for W is
p1 p1 2 r 2 s2Ž p1.w 	 x i x i x ki x ki ,Ž . Ž . Ž . Ž .
where r and s are relatively prime to p 1 and 2 r 2 s is divisible by
Ž . Ž .2 p 1 . Since r and p 1 are relatively prime, 2 of the proposition
yields that we may assume r	 1. Since the point at infinity must not be
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ˆramified, we conclude that s	 p. Thus a defining equation for W is
p1 p1 2 2 p2 p2w  x i x i x ki x ki . 3Ž . Ž . Ž . Ž . Ž .
ˆ ˆŽ . Ž .Note that C W has an automorphism A which is the identity on C X
Ž .and which maps w to w where  is a primitive 2 p 2 th root of unity.
Ž . Ž .Since A must commute with  , 5 of the proposition yields that  w 	
ˆŽ . Ž . Ž .h x w for some h x  C X . Thus
2 p2 p1 p1 2 2 ph x w 	 x i x i x ki x ki ,Ž . Ž . Ž . Ž . Ž .Ž .
so
2 p2 2 p2 2 p2 2 p2 2 p2h x 	 x i x i x ki x ki .Ž . Ž . Ž . Ž . Ž .
Ž . Ž 2 .Ž 2 2 . Ž .We define h x 	 x  1 x  k ; since  has order 2,  w 	hw.
Ž . p1 Ž .We define  w 	 hw and note that A  w 	hw is also a
Ž .symmetry which commutes with A. From 7 of the proposition, note that
Ž . p1 p1 Ž .if r, s is a fixed point of  or A  , then r is real. Since A  w 	
Ž . Ž . p1 Ž .hw, 7 also yields that if r, s is a fixed point of A  , then r, s is a
22 2 2Ž . Ž .Ž .  solution of h r s s	 0; thus r  1 r  k  s 	 0, a contra-
p1 ˆ p1² :diction. Thus A  has no fixed points and thus W A  is without
a boundary. On the other hand, it is easy to observe that  has fixed
points. Let r be real, let  be a 2 p 2th root of unity, and define t such
i t Ž .2 Ž .2 Ž .that e 	 r ki  r ki . Then it is easy to see using 7 of the
proposition that the fixed points of  are of the form
2 i tŽ2 p2.'r ,  r  1 e r ki .Ž .Ž .
ˆ ˆ² :Thus the Klein surface W equals W  , where W has the defining
Ž .equation 3 and
x 2 1 x 2 k 2Ž . Ž .
 i 	i ,  x 	 x ,  w 	 .Ž . Ž . Ž .
w
We now realize W as a real algebraic curve. We make a change of
Ž .variables by defining w  C x, w and noting that w can be expressed in1
terms of x and w :1
iw ix2 x k 1  ik i w x i x kiŽ . Ž . Ž . Ž .1
w  , w	 .1 2 i ww ix k 1  k xŽ . 1
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Ž . Ž . Ž .Therefore C x, w 	 C x, w . It is easily checked that  w 	 w . By1 1 1
Ž .expressing the defining equation 3 in terms of x and w we obtain1
2 p2 p1 2 pi w  i x i x kiŽ . Ž . Ž .Ž 1
2 p2 p1 2 p w  i x i x ki 	 0.Ž . Ž . Ž . .1
The above is a real algebraic curve which defines W.
ˆŽ . Ž .b Assume that G is not cyclic and has the presentation 4 from
ˆSection I with  1. Recall that there are four points of X which are
ˆramified in W ; two points have ramification index 2 and two have ramifica-
ˆŽ . Ž .tion index p 1. Let C Z denote the fixed field of C W under the
ˆ ˆ Ž . Ž .action of A. Since C Z : C X 	 2, there are exactly two points of X
Ž .which ramify in Z; thus Z is the Riemann sphere with function field C z .
Since W has a boundary, Z has a boundary. Let us choose coordinates so
that the symmetry on Z induced by  is conjugation. For a given z  Z,0
Ž . Ž . Ž .z , B z ,  z , and B z all lie over the same point of X. Therefore,0 0 0 0
the fixed points of B cannot be real. Let a bi and a bi be the points
of Z which are fixed by B. Since b 0, by applying the real transforma-
Ž .tion z z a b we may assume that i and i are fixed by B. But this
Ž .means that the action of B on C z is the map z1z. There are four
ˆŽ . Ž . Ž .points of C z which ramify in the extension C W of C z ; however, all
of these points lie over the same point of X. Thus if ramification occurs at
z 	 c di, then it also occurs at z , 1z , and 1z . Using the same0 0 0 0
Ž . Ž .transformation displayed in 1 and 2 we may assume that z 	 ki for0
ˆŽ .some nonzero real number k with k1. Since C W is a cyclic
Ž .extension of C z , the proposition yields there is a defining equation of X
of the form
s u p1w  z ki z ki z 1ki z 1ki 	 0, 4Ž . Ž . Ž . Ž . Ž .
where each of s, u, and  are between 0 and p 1 and relatively prime to
p 1. In addition, since  is not ramified, p 1 divides 1 s u .
Ž .Let A be the map which is the identity on C Z and which maps w to w.
Ž . Ž .Since  and A commute, we have that  w 	 h z w. Applying this to1
Ž . Ž . p1 p1Ž .Ž . s4 and rearranging terms yields that h z 	w z ki z ki 1
Ž .uŽ .z 1ki z 1ki . Thus
u u1s 1sp1h  z ki z ki z 1ki z 1ki 	 0;Ž . Ž . Ž . Ž .1
therefore p 1 divides 1 s and u , which implies that s	 p
and  	 p 1 u. Since  has order 2, this implies that h 	1
ˆŽ .Ž .Ž .Ž .z ki z ki z 1ki z 1ki . A defining equation for W is
p u p1up1w 	 f z  z ki z ki z 1ki z 1ki 	 0.Ž . Ž . Ž . Ž . Ž .
5Ž .
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 Ž . Ž .Recall that AB	 BA and that B z 	1z. From 5 of the proposi-
Ž . Ž .  Ž . Ž .tion we deduce that B w 	 h z w for some h z  C z . Applying2 2
Ž .this to 5 above yields
 pp1
h z 	 f z 1z ki 1z kiŽ . Ž . Ž . Ž .Ž .2
u p1u
 1z 1ki 1z 1ki .Ž . Ž .
But the right hand side of the above equals
 pu1 2 p2f z kiki 1z 1ki z 1ki zŽ . Ž . Ž . Ž . Ž .
u p1u
 ki z ki z . 6Ž . Ž . Ž .
Ž . p1Thus h z equals2
u11Ž . upp1uz ik z ikŽ . Ž .2 p2z
pu Ž .1 p1u  z 1ik z 1ik . 7Ž . Ž . Ž .
Considering the power of z ik, this implies that p 1	  u. Since
2 Ž . Ž .  1 mod p 1, 7 is a p 1 st power. If k and  are chosen so that1
Ž . 2 Ž . pp 1 k 	 1  , and 	 1 , then we may assume1
 1 1k k1 1h z 	 z ik z 1ik z 1ik . 8Ž . Ž . Ž . Ž . Ž .2 2z
Ž . Ž . Ž .  With this definition of h z , B w 	 h z w and BAB	 A . A tedious2 2
Ž .calculation shows that B has order 2. Recall that  w 	 h w, where1
Ž .Ž .Ž .Ž .h 	 z ik z ik z 1ik z 1ik . We now check that B and 1
Ž . Ž . Ž .commute. Since B z 	  B z , it is sufficient to show that B w 	
Ž . Ž . Ž Ž . . Ž Ž .. Ž Ž .  . B w . However, B w 	 B h z w 	 B h z  h z w . On the1 1 2
  Ž . Ž Ž . .other hand,  B w 	  h z w 	 h h w . To prove these are equal,2 2 1
Ž .it is necessary that B h 	 h h h . However,1 2 2 1
11 h zŽ .Ž .11h h 	 z ik z ik z 1ik z 1ik 	 .Ž . Ž . Ž . Ž .2 2 4 4z z
Ž Ž .. Ž . 4 Ž Ž .. Ž . 4It is easy to check that B h z 	 h z z ; thus B h z 	 h z z 	1 1 1 1
 ˆh h h . Thus B and  commute. Thus a defining equation for W is2 2 1
p p1p1w  z ik z ik z 1ik z 1ik 	 0.Ž . Ž . Ž . Ž .
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In addition to A, it possesses the symmetries and automorphisms
 z 	 z ,  w 	 z 2 k 2 z 2 1k 2 w ,Ž . Ž . Ž . Ž .
B z 	1z , B w 	 h z w ,Ž . Ž . Ž .2
Ž . Ž . Ž .where h z is defined in 8 . Using 7 from the proposition, it is easy to2
see that  has the following fixed points. Let r be real, let  be a p 1st
i t Ž .Ž . ŽŽ .root of unity, and define t so that e 	 r ik r 1ik  r ik
Ž . . Ž i tŽ p1.r 1ik . Then the fixed points of  are of the form r,  e
ˆŽ .Ž .. ² :r ik r 1ik . Thus the Klein surface W	W  has a boundary.
Ž .We now realize W as a real algebraic curve. We define w  C z, w1
and note that w can be expressed in terms of z and w :1
ikw ik z 2 1  z k 2 1Ž . Ž .
w  ,1 2 2kw iz k  1  k z  1Ž . Ž .
i w z ik z 1ikŽ . Ž . Ž .1
w	 .
i w1
Ž . Ž . Ž .Thus C z, w 	 C z, w . Note that  w 	 w . By expressing the defin-1 1 1
ˆing equation for W in terms of w we obtain1
pp1 p1i w z ik z 1ikŽ . Ž . Ž .1
pp1 p1 i w z ik z 1ik 	 0.Ž . Ž . Ž .1
This is a real equation which defines W.
Ž   Ž .4.2. The Signature 0;; p 1 ; 2, 2
Let X be a Klein surface such that X	U, where  has the above
 Ž   Ž .4.signature. Then the signature of  is 0;; 2, 2, p 1, p 1 ;  ,
ˆand two points of the interior of X are ramified in W, and two points on
ˆ ˆthe boundary of X are ramified in W. The two boundary points of X have
ˆramification index 2 in W. Let us choose coordinates so that the symmetry
ˆon X is complex conjugation and let 0 and  be the points on the
ˆboundary of X which are ramified in W. The two points with ramification
index p 1 must have nonreal coordinates.
ˆ ˆŽ .a Assume that G Z and that A is a generator of G. If2 p2
c	 a bi is the point with ramification index p 1, we make a real
change of coordinates to assume that c	 k i, where k is a real number.
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ˆWe may assume that W has a defining equation of the form
2 2 s2 p2 p1w 	 f x 	 x x c x c 	 0, 9Ž . Ž . Ž . Ž .
Ž .where the degree of f x must be an odd multiple of p 1 and where s is
relatively prime to p 1. Let A be the map which acts as the identity on
Ž .C x and which maps w to w. Since  and A commute we have that
Ž . Ž . Ž . Ž . Ž . w 	 h x w for some h x  C x . However, applying this to 9
yields
2 p2 2 2 s 2 2 s2 p2h x 	 x x c x c x c x c .Ž . Ž . Ž . Ž . Ž .
Since s p 1, this implies that s	 p. Note also that the degree of
Ž . Ž .f is 3 p 1 , so x	  has ramification index 2. We define h x 	
Ž .Ž . Ž . Ž . Ž .x x c x c and note that  w 	h x w. We define  w 	 hw
p1 Ž .and note that A  w 	hw. We will show below that both  and
p1 ² :A  have fixed points. Clearly they both commute with A . Thus a
ˆdefining equation for W is
2 2 p2 p2 p1w  x x c x c 	 0,Ž . Ž .
ˆ ² :where c	 k i and k is real. The Klein surface W equals W W 1
² p1 :or W W A  , where2
 x 	 x  w 	 x x c x c w.Ž . Ž . Ž . Ž .
Note that  has the following fixed points. Let r 0, let  be a 2 p 2th
i t 2 2Ž . Ž .root of unity, and define t so that e 	 r c  r c . Then
i tŽ2 p2. ˆ'Ž Ž .. ² :r,  r e r c is a fixed point for  . Thus W	W  has a
boundary. We also note that A p1 has the following fixed points. Let
r 0, let  be a 2 p 2th root of unity, and define t so that eit	
2 2 i tŽ2 p2.'Ž . Ž . Ž   Ž ..r c  r c . Then r,  i r e r c is a fixed point for  .
ˆ p1² :Thus W	W A  has a boundary.
We can express W and W as real algebraic curves as follows. We1 2
p1 p2 pŽ Ž .Ž . . Ž .define z  w  x x  c x  c and note that  z 	 z,
p1 Ž . 2 p1 p1Ž 2 Ž ..A  z 	z, and z 	 x. Therefore w  z z  k  i
Ž 2 Ž .. p Ž . Ž .z  k i is the minimal polynomial for w over C z 	 C x, z . We
Ž .define w  C z, w and note that w can be expressed in terms of z1
and w :1
iw iz z 2 k i z i w z 2 k iŽ . Ž . Ž .Ž . Ž .1
w  , w	 .1 2 i ww z z  k iŽ .Ž . 1
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By expressing the above minimal polynomial in terms of z and w we1
obtain
p pp1 p12 2i w z  k i  i w z  k i 	 0.Ž . Ž . Ž . Ž .Ž . Ž .1 1
p1 Ž .The above is a real equation which defines W . Since A  z 	z, we1
note that z  iz is fixed by A p1 . Replacing z by iz in the above1 1
defining equation yields
p pp1 p12 2i w z  k i  i w z  k i 	 0.Ž . Ž . Ž . Ž .Ž . Ž .1 1 1 1
This is a real equation which defines W .2
ˆŽ . Ž .b Now assume that G is not cyclic and has the presentation 4
Ž .from Section I with  1. Let C Z denote the fixed field under A. It is
ˆ Ž . Ž .easy to see that C Z : C X 	 2, and x	 0 and x	  are ramified in
Ž . Ž . Ž .C Z . Thus Z is a Riemann surface of genus 0, and C Z 	 C z . Let us1
choose coordinates so that the points z 	 0 and z 	  lie above x	 01 1
and x	 , respectively, and let us denote one of the points lying above
2 ˆx	 1 by z 	 1. With these coordinates, z 	 x. Since the symmetry on X1 1
Ž . Ž . Ž .is conjugation,  x 	 x; thus  z 	 z or  z 	z . In the former1 1 1 1
case, we define z	 z , in the latter case we define z	 iz . In either case1 1
Ž .we obtain B z 	z, z	 0 and z	  are the fixed points of B, and
Ž . Ž . z 	 z. If c is a point in C z with ramification index p 1, then it
follows that c, c, and c all have ramification index p 1. Since the
ˆpoints with ramification index p 1 cannot lie over a real point in X, we
deduce that c cannot be real or pure imaginary. If c	 a bi where
Ž .ab 0, then we apply the transformation z 1a z. This fixes 0 and 
and maps c to 1 ik for some nonzero real number k. Thus a defining
ˆequation for W is of the form
w p1	 f zŽ .
s u 
 z 1 ik z 1 ik z 1 ik z 1 ik ,Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .
where s, u, and  are relatively prime to p 1 and p 1 divides
Ž . Ž . Ž . Ž .1 s u . Since  w 	 h z w for some h z  C z , we deduce1 1
that
p1 p1h z 	 w z 1 ikŽ . Ž .Ž .Ž .1
s u 
 z 1 ik z 1 ik z 1 ikŽ . Ž . Ž .Ž . Ž . Ž .
1u	 z 1 ikŽ .Ž .
s su1
 z 1 ik z 1 ik z 1 ik .Ž . Ž . Ž .Ž . Ž . Ž .
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Thus u	 p and  	 p 1 s. Since  has order 2,
h 	 z 1 ik z 1 ik z 1 ik z 1 ik .Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .1
Ž . Ž . Ž . From 5 of the proposition, we obtain that B w 	 h z w . This yields2
that
p1h z 	 f z z 1 ikŽ . Ž . Ž .Ž .2
s p p1s
 z 1 ik z 1 ik z 1 ikŽ . Ž . Ž .Ž . Ž . Ž .
s 1s p1s p	 z 1 ik z 1 ik z 1 ikŽ . Ž . Ž .Ž . Ž . Ž .
Ž .p p1s
 z 1 ik .Ž .Ž .
Ž . 2This implies that s	  . If we define k such that k p 1 	 1  , we1 1
Ž . Ž Ž ..k1Ž Ž ..1see that we may define h z 	 z 1 ik z 1 ik 2
Ž Ž ..1k1 Ž . Ž .z 1 ik . It is straightforward to see that B w 	  B w
ˆand that B has order 2. Thus a defining equation for W is
w p1 z 1 ikŽ .Ž .
 p p1
 z 1 ik z 1 ik z 1 ik 	 0,Ž . Ž . Ž .Ž . Ž . Ž .
where  2 1 mod p 1 and k 0 is real. It admits the automorphisms
and symmetries
k 1 1k1 1B w 	 w z 1 ik z 1 ik z 1 ik ,Ž . Ž . Ž . Ž .Ž . Ž . Ž .
B z 	z , A w 	 w , A z 	 z ,Ž . Ž . Ž .
 i 	i ,  z 	 zŽ . Ž .
z 1 ik z 1 ik z 1 ik z 1 ikŽ . Ž . Ž . Ž .Ž . Ž . Ž . Ž .
 w 	 .Ž .
w
ˆ ² :The Klein surface W equals W  . We note that  has the following
fixed points. Let r be real, let  be a p 1st root of unity, and define t so
that

z 1 ik z 1 ikŽ . Ž .Ž . Ž .
i te 	 .
z 1 ik z 1 ikŽ . Ž .Ž . Ž .
Ž i tŽ p1.Ž Ž ..Ž Ž ...Then r,  e r 1 ik r 1 ik is a fixed point of  . Thus
W has a boundary.
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To realize W as a real algebraic curve we make the following change of
variables:
iw i z 1 ik z 1 ikŽ . Ž .Ž . Ž .
w  ,1 w z 1 ik z 1 ikŽ . Ž .Ž . Ž .Ž .
i w z 1 ik z 1 ikŽ . Ž . Ž .Ž . Ž .1
w	 .
i w1
ˆŽ . Ž .Note that C z, w 	 C z, w . By expressing the defining equation for W1
in terms of z and w we obtain1
pp1p1i w z 1 ik z 1 ikŽ . Ž . Ž .Ž . Ž .1
pp1p1 i w z 1 ik z 1 ik .Ž . Ž . Ž .Ž . Ž .Ž .1
The above is a real defining equation for W.
Ž   Ž .4.3. The Signature 0;;  ; 2, 2, p 1, p 1
Assume  has the above signature and GD , where D has thep1 p1
Ž .presentation 4 from Section I with 	1. We choose coordinates so
ˆ 2the symmetry induced on X by  is conjugation. Let 0, , 1, and c , where
2 ˆc is real, be the points of X which have ramification indices 2, 2, p 1,
and p 1, respectively. Note that the fixed field under A has genus 0; let
Ž .C z be its function field. We choose coordinates so that z	 0 and z	 
lie over x	 0 and x	 , and one point above x	 1 has coordinates
z	 1. With these coordinates, x	 z 2. Since B has order 2, B is the map
Ž .zz. Note that 1, 1, c, and c are the points of C z with
ramification index p 1. Since c2 is real, c is either real or pure
ˆimaginary. There is a defining equation of W of the form
s u p1w  z 1 z 1 z c z c 	 0,Ž . Ž . Ž . Ž .
Ž .where each of s, u, and  are relatively prime to p 1. From 5 of the
Ž . Ž . Ž . Ž .proposition, B w 	 h z w for some h z  C z ; therefore1 1
s u p1 1su p1h z 	 1 w z 1 z 1 z c z c 	 0.Ž . Ž . Ž . Ž . Ž . Ž .1
Thus s	 p and  	 p 1 u. Applying  to z 2 x	 0 yields that
Ž . Ž . Ž . Ž . Ž . Ž . z 	 z or  z 	z. Since  w 	 h z w for some h z  C z ,2 2
we deduce that
p10	 h zŽ .2
p u p1up1	 w  z  1  z  1  z  c  z  c .Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .
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Ž . Ž .2 uThus  z 	z. If c is pure imaginary, this yields that z c is a
factor of h p1; since p 1 is odd, this is impossible. Thus c is real. Thus2
ˆan equation for W is
p u p1up1w  z 1 z 1 z c z c ,Ž . Ž . Ž . Ž .
where c is real and u and p 1 are relatively prime. It is easy to check
ˆthat  and B commute. Thus W admits the following automorphisms and
symmetries:
z 2 1 z 2 c2Ž . Ž .
B z 	z , B w 	 ,Ž . Ž .
w
A w 	 w , A z 	 zŽ . Ž .
 i 	i ,  z 	z ,  w 	 z 2 1 z 2 c2 w.Ž . Ž . Ž . Ž . Ž .
ˆ ² :The Klein surface W equals W  .
Note that W has the following fixed points. Let r be real, let  be a
p 1st root of unity, and define t such that
u
ir 1 ir cŽ . Ž .
i te 	 .u
ir 1 ir cŽ . Ž .
Ž i tŽ p1.Ž .Ž ..Then the fixed points of  are of the form ir,  e ir 1 ir c .
Thus W has a boundary.
To realize W as a real algebraic curve we make the following change of
variables:
iw i 1 z c zŽ . Ž .
w  ,1 w 1 z c zŽ . Ž .
i w z 1 z cŽ . Ž . Ž .1
w	 , z  iz.1i w1
ˆŽ . Ž .Note that C z, w 	 C z , w . By expressing the defining equation for W1 1
in terms of z and w we obtain1 1
pp1 p1uu1i i w iz  1 iz  cŽ . Ž . Ž .Ž 1 1 1
pp1 p1u i w iz  1 iz  c .Ž . Ž . Ž . .1 1 1
In this case, we have several one dimensional families of surfaces based
upon the choice of u. This follows from Section II, since there are
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epimorphisms of  which, for different values of 	 and  , yield inequiva-
lent Klein surfaces.
Defining Equations for Odd p
Ž   Ž .4.1. The Signature 0;; 2, 2 p ; 
² :In this case G Z 	 A . Let  have the above signature and2 p
ˆassume coordinates are chosen so that the symmetry induced by  on X is
Ž .conjugation. The argument in this case is analogous to 1a of the previous
Ž .section. Through a real transformation, we may assume that C x is
ramified at the points x	i and x	ki, where k1 is a nonzero
ˆŽ .real number, and the ramification indices are 2, 2, 2 p, and 2 p in C W . A
ˆdefining equation for W is
p p 2 p12 pw  x i x i x ki x ki 	 0Ž . Ž . Ž . Ž .
ˆ ² :and W	W  , where
 x 	 x ,  w 	 x 2 1 x 2 k 2 w.Ž . Ž . Ž . Ž .
We note that  has the following fixed points. Let r be real, let  be a
i t Ž . Ž .2 pth root of unity, and define t such that e 	 r ki  r ki . Then
2 i tŽ2 p.'Ž Ž ..the fixed points of  are of the form r,  r  1 e r ki .
Note that W can be realized as a real algebraic curve by using the
Ž .definition of w from case 1a . We obtain1
p p2 p 2 p1 2 p 2 p1i w  i x i x ki  w  i x i x ki .Ž . Ž . Ž . Ž . Ž . Ž .Ž .1 1
Ž   Ž .4.2. The Signature 0;; 2 p ; 2, 2
Ž .The argument in this case is analogous to 2a of the previous section.
² :Let  have the above signature and let G Z 	 A . We choose2 p
ˆcoordinates so that the symmetry induced on X is complex conjugation
ˆand that x	 0,  are the points of X which have ramification index 2 in
ˆ ˆW. We may assume that the points of X which have ramification index 2 p
ˆin W are c and c, where c	 k i and k is real. A defining equation for
Wˆ is
2 p12 p pw  x x c x c 	 0,Ž . Ž .
ˆ ˆ p² : ² :and W equals W W  or W W A  , where1 2
A w 	 w ,  x 	 x ,  w 	 x x c x c w.Ž . Ž . Ž . Ž . Ž .
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Note that  has the following fixed points. Let r 0, let  be a 2 pth root
i t Ž . Ž .of unity, and define t so that e 	 r c  r c . Then the fixed points
i tŽ2 p.'Ž Ž ..of  are of the form r,  r e x c . Thus W has a boundary. We1
also note that A p has the following fixed points. Let r 0, let  be a
i t Ž . Ž .2 pth root of unity, and define t so that e 	 r c  r c . Then the
p itŽ2 p.'Ž   Ž ..fixed points of A  are of the form r,  i r e x c . Thus W has2
a boundary.
We can realize W and W as real algebraic curves as follows. Define1 2
p Ž p1.2 p1 2Ž Ž . . Ž .Ž . Ž .z w  x x c and note that z 	 x x c x c ,  z
p Ž . Ž . Ž .	 z, and A  z 	z. Define w  i w z  w z and note that 1
p Ž . Ž . Ž .and A  fix w . Observe that w	 z i w  i w ; however, C z, w1 1 1 1
Ž . Ž . C x, w since x C z, w . The definition of z actually yields the
Ž .minimal polynomial of w over C x, z . By expressing it in terms of w , we1
obtain the following equations:
z 2 x x k i x k i ,Ž . Ž .Ž . Ž .
p pŽ . Ž .p1 2 p1 2i w x k i  i w x k i .Ž . Ž . Ž . Ž .Ž . Ž .1 1
The above equations define W as a real algebraic curve.1
p Ž . pTo express W , recall that A  z 	z; thus A  fixes z  iz. Thus2 1
the defining equations for W are2
z 2 x x k i x k i ,Ž . Ž .Ž . Ž .1
p pŽ . Ž .p1 2 p1 2i w x k i  i w x k i .Ž . Ž . Ž . Ž .Ž . Ž .1 1
Ž   Ž . Ž .4.3. The Signature 0;;  ;  , p
² :Let  have the above signature and let GD 	 A, B . In this case2 p
ˆ ˆX has genus 1. There is a distinguished point x of X which is ramified in0
ˆW and x is fixed by the symmetry on X which is induced by  . Let Z0
ˆŽ .denote the surface corresponding to the subfield of C W which is fixed
ˆ ˆ Ž . Ž .under the action of A. Since C Z : C X 	 2, the map Z X must be
unramified. Thus Z is also a surface of genus 1. There are two points, P
and Q, of Z which lie over x . From the theory of elliptic curves, there0
Ž .exists a function z C Z , such that z has a pole of order 1 at each of P
 Ž . Ž . Ž .and Q and has no other pole. Then C Z : C z 	 2. Since C Z is a
Ž . Ž .cyclic extension of C z , there is a function w C Z such that a defining
equation for Z is
w2 f z 	 0, 10Ž . Ž .
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Ž .where f z is a monic polynomial of degree 4 with distinct roots. Note that
the points P and Q are the two points lying over z	 . Since B switches
Ž .P and Q, we have B z 	 a bz for some complex numbers a and b.
2Ž . Ž .Thus z	 B z 	 a b a bz , so b	1. If b	 1, then a	 0; thus
Ž . Ž .B z 	 z. In this case then, B w 	w; thus B is not fixed point free.
Ž .Thus B z 	 a z. In this case we redefine z	 a2 z and redefine f
Ž . Ž . Ž .in 10 . Thus B z 	z. It is easy to see that B w cannot be of the form
Ž . Ž . Ž . Ž . Ž .r z  s z w, where 0 r z and s z are elements of C z , since it
Ž .would violate the uniqueness of the minimum polynomial 10 . Therefore
Ž . Ž .B w 	 s z w. Thus
s2 z w2 f z 	 s2 f z  f z 	 0.Ž . Ž . Ž . Ž .
2Ž . Ž . Ž . Ž . Ž .This implies that s z 	 f z f z . This yields that f z 	 f z and
that s	1. Thus a minimal polynomial for Z is
w2 z a z a z b z b ,Ž . Ž . Ž . Ž .
Ž . Ž .where a and b are complex, B z 	z and B w 	w. Note that
Ž .ab 0. If B w 	 w, then B fixes the points lying over z	 0 and z	 .
Ž .Thus B w 	w. If we redefine z	 az, and redefine w appropriately,
then a minimal polynomial has the form
w2 z 2 1 z 2 a2 	 0. 11Ž . Ž . Ž .
ˆWe now find a defining equation for X. This will allow us to calculate
the action of the symmetry  on Z. Note that z 2 and wz are fixed by B.
Ž .2 2Ž 2 .Ž 2 2 .Thus the fixed field under B is given by wz  z z  1 z  a .
2 ˆDefining u	 wz and t	 z , we have that a defining equation for X is
u2 t t 1 t a2 	 0. 12Ž . Ž . Ž .
ˆWith this equation, the point at infinity is the distinguished point x  X,0
ˆwith ramification p in W. We now determine the action of  on Z. Recall
that B	  B. Since there are only two points of Z lying above x  X, 0
 4  4 Ž .must map P, Q to P, Q . Thus  z 	 r sz for some complex num-
Ž . Ž .bers r and s. However, B z 	  B z implies that r sz	r sz.
Ž .  Thus r	 0 and  z 	 sz. Since  has order 2, s 	 1. We now show
2 Ž . Ž 2 . 4 2that s	1. Choose  such that s	  . Then  t 	  z 	  z 	
4 Ž 2 . 2 4 2 2 2 t. Thus   t 	   t	  t; thus  fixes  t. Defining t 	  t and1
3 ˆŽ .u 	  u, from 12 we see a new defining equation for X is1
u2 t t  2 t  2a2 	 0. 13Ž .Ž . Ž .1 1 1 1
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Ž . 2Applying  yields that  u 	u and that either  and a are real, or1 1
2 2 2 2 2 2 	  a . We now show that the latter cannot occur. If  	  a then
Ž .13 can be rewritten as
2 2 2u  t t   t   . 14Ž .Ž . Ž .1 1 1 1
Ž . Ž .Recall that  t 	 t . If  u 	 u , then the fixed curves under  are1 1 1 1
Ž . Ž .points  , 	 with real coordinates. If  u 	u , then the fixed ovals1 1
Ž .are points  , 	 with  real and 	 pure imaginary. In either case, if we
Ž .restrict t to real values, 14 can be rewritten as1
2  2  2u  t t   	 0. 15Ž .1 1 1
Ž .The real solutions of 15 occur only when t  0. Thus there is only one1
fixed curve, which circles from along the positive t axis, to the point at1
Ž .infinity, and returns along the other branch of 15 . Similarly, the only
Ž .solutions  , 	 , with  real and 	 pure imaginary are when t 
 0. This1
again forms one fixed curve. However, the signature of  yields that 
2 2 2 2 2fixes two curves; thus    a , and thus  and a are real. Recall from
2 Ž . 2   Ž .above that s	  . Thus  z 	 sz	  z, with s 	 1, yields that  z 	
Ž . Ž .z. In addition, we have that 13 is a real equation, so  w 	w.
ˆRecall that W is a cyclic covering of Z with ramification at the two
Ž .points at infinity of 11 and that these points are denoted by P and Q.
Since the covering is cyclic, there is a defining equation of the form
 p h z , w 	 0, 16Ž . Ž .
Ž .where the multiplicity of each pole and zero of h z, w is a multiple of p
except at P and Q. At these points, the multiplicity must be relatively
prime to p. Note that the function
2w 2 z 2 a2 1Ž .
h z , w 	Ž .0 2a  1
has no pole or zero in the affine plane. An examination of the points at
infinity yields that it has a pole of order two at one point, and a zero of
order two at the other. Let P denote the point where h has a pole, and0
let Q be the point where it has a zero. Its multiplicative inverse is
Ž 2 Ž 2 .. Ž 2 .2w 2 z  a  1  a  1 . We will show that, up to isomorphism,
Ž . Ž .powers of h z, w are the only functions we need to consider in 16 .0
ˆŽ .Assume 16 is a defining equation for W. Then the divisor for h is
Ž . Ž .h 	 p k R  k R  


k R  d P d Q, where d and d are1 1 2 2 n n 1 2 1 2
relatively prime to p and each k  Z. Assume that a pole occurs at P,i
Ž . Ž .and that d 	 rp s where r and s are positive. Let g C Z be a1
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function which has a simple pole at P and which does not have a zero or
pole at Q. Then
pr r pg  hg 	 0Ž .
is also a defining equation for X. In addition, the pole divisor at P is s,
where s p. A similar result holds for Q, and zeros at P or Q can also be
handled in this manner. In this way, we may also assume that there is a
pole at P and a zero at Q. Since the divisor for h has degree zero we may
ˆ Ž .now assume that the defining equation for W is 16 , where the divisor for
h is of the form
h 	 p j R  j R  


 j R  p k S  k S  


 k SŽ . Ž . Ž .1 1 2 2 m m 1 1 2 2 n n
 dP dQ , 17Ž .
and a zero occurs at each of the R ’s and a pole occurs at each of the S ’s.i i
Ž .Consider the divisor D j  1 R  j R  j R 






k S . This divisor has degree 1. By the RiemannRoch theorem,n n
ˆŽ . Ž .there is a function g C Z such that g D 0; in particular, g has a
zero of order at least j  1 at R and has zeros of order j at the other1 1 i
points R . In addition, its pole divisor is contained in the pole divisor of D.i
There are two possibilities. Either the multiplicities of the zeros of g are
Žprecisely the same as the zeros in D and the pole divisor has degree
.k  k  


k  1 , or g also has a zero at a point T and the pole1 2 n
divisor of g agrees precisely with that of D. Note that T may be one of the
Ž . ppoints of 17 . In either case, redefining h	 hg and  	g we have
that
h 	 pR  pT dP dQ . 18Ž . Ž .1
Ž . Ž . Ž .Recall, from 5 of the proposition, that B  	 k z, w  . Since B has
order 2, we obtain
B k z , wŽ .Ž .
2 	 B  	  .Ž .
k z , wŽ .
ˆŽ . Ž .Thus B fixes k, so k C X . Using the defining equation 16 we obtain
p p Ž . p Ž . Ž .that k  	 B h ; thus k 	 hB h . Thus 18 yields that the divisor for
ˆ ˆŽ . Ž . Ž .k is R  B R  T B T . However, since k C X and X is elliptic,1 1
ˆ Ž . Ž .  Ž . Ž .we know that C X : C k  2; thus C Z : C k  4. On the other
hand, since the pole divisor of k has degree at most 2, we have
 Ž . Ž .C Z : C k 
 2 unless k is a constant. Thus k is a constant. Considering
Ž .  418 , we obtain that B switches R and T. If R  P, Q , then so is T and1 1
 4therefore h is a power of h . We now assume that R P, Q . Then0
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Ž . Ž .R 	  , 	 ; then T	  ,	 for some complex numbers  and 	.1
Consider the function
w 	  z 2  2 . 19Ž . Ž . Ž .
It has a zero at points of Z where w	 z 2  2 	. Substituting this into
Ž . Ž . 2Ž 2 2 . 2 411 yields that 19 has zeros when z a  2  2	 1  a   
2 2 Ž .2 	 	 	 0. The roots of this are z	 . Considering 19 , we see
Ž . Ž . Ž .that  ,	 and  ,	 are the only zeros of 19 . We now consider
Ž .the points at infinity. Note that 19 differs from h by only a constant.0
Therefore, it has a pole divisor of 2 P. Since we already know it has two
Ž . Ž . Ž .zeros, the divisor for 19 is  ,	   ,	  2 P. Note that
Ž . Ž . Ž .1 z  has the divisor   , 	   ,	  PQ. Thus the divisor
of
w 	  z 2  2Ž . Ž .
hˆ
z 
Ž . Ž . Ž .is  ,	   , 	  PQ. Recalling the divisor for h from 18 , we
ˆ p Ž . Ž .see that hh has the divisor  p d P p d Q. If p d is odd,
ˆ p Ž .then multiplying hh by an appropriate power of h yields that C Z0
contains a function whose only pole is a simple pole at P. Since Z is
ˆ p melliptic, this is impossible. Thus hh 	 ch , where c is a constant and0
Ž . p mm	 p d 2. Thus there is a defining equation of the form   h 	0
Ž .0. Employing 2 of the proposition yields that we may assume m	 1.
ˆThus defining equations for W are
 p h , w2 z 2 1 z 2 a2 	 0, 20Ž . Ž . Ž .0
where a2 is real.
ˆWe now determine the automorphisms for W. We have already deter-
Ž . Ž . Ž . Ž .mined that B z 	z, B w 	w,  z 	z, and  w 	w. In
addition, A fixes w and z and maps  to   , where  is a pth root of
unity. We also check that  B	 B and A	 A .
Ž . Ž .Since A and  commute,   	 k , for some k C z, w . From
Ž . Ž p. Ž . Ž . p 220 , we obtain that   	  h . If  w 	 w, then k 	 h , which is0 0
Ž p. ŽŽ 2 2 . Ž 2 ..a contradiction. Therefore   	 2w 2 z  a  1  a  1 	
1 Ž . jh . This implies that   	   where  is a pth root of unity and j is0
Ž . Ž p. 1 Ž . man integer. From 20 , we deduce that B  	 h . Thus B  	  0
for some integer m.
Ž . Ž m . Ž m1 . 1Note that BAB  	 BA   	 B   		 A  . Also,
Ž Ž .. Ž j . j m Ž . Ž m . m jB   	 B   	  , while  B  	    	  . This
implies that  j	 j. Since p is odd, this implies that  j	 1. Thus the
defining equations are satisfied by the automorphisms. By composing B
with Am and renaming the result B, we have the following automor-
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ˆphisms and symmetries for W :
A  	   , A z 	 z , A w 	 w ,Ž . Ž . Ž .
B z 	z , B w 	w , B  	 1 ,Ž . Ž . Ž .
 z 	z ,  w 	w ,   	 1 .Ž . Ž . Ž .
Ž .Note that  z 	z. This results from the fact that the signature
ˆŽ   Ž . Ž .4.0;;  ;  , p is never maximal. Thus W has an extra automor-
phism.
ˆ Ž .We now determine the fixed points of W. If  z 	 z, then the fixed
Ž . Ž .points are of the form z, w,  	 r, is, t , where r and s are real and t is
ˆ complex with t 	 1. These points are precisely the points of W which
Ž 2 .Ž 2 2 . Ž .satisfy r  1 r  a  0. If  z 	z, then the fixed points are of
Ž . Ž .the form z, w,  	 ir, is, t where r and s are real and t is complex with
  Ž 2 .Ž 2 2 .t 	 1. These points are precisely those which satisfy r  1 r  a
 0. Therefore, if a2 0, there are fixed points, while if a2 0,  has no
fixed points.
We now obtain an equation for W as a real algebraic curve. We consider
p pŽ 2 .the equation   h and solve this for w. Thus w	 a  1 20
Ž 2 2 . 2 pŽ 2 . pŽ 2 2 .2 z  a  1 2. Squaring this yields  a  1  2 2 z  a  1
2 Ž . Ž . Ž .a  1	 0. Since   	 1 ,  fixes   i  i    1 . Note1
Ž . Ž .that  	 i  i . Substituting this into the above yields1 1
p p2 p 2 2 2i a  1  2 i i 2 z  a  1Ž . Ž . Ž . Ž . Ž .1 1 1
2 p 2 i a  1 .Ž . Ž .1
Ž . Ž .This is a real defining equation for W if  z 	 z. If  z 	z, then 
fixes z  iz. Thus a real defining equation for W in this case is1
p p2 p 2 2 2i a  1  2 i i 2 z  a  1Ž . Ž . Ž . Ž . Ž .1 1 1 1
2 p 2 i a  1 .Ž . Ž .1
Ž   Ž .4. Ž   Ž .4.4. The Signatures 0;;  ; 2, 2, 2, 2, p and 0;; 2 ; 2, 2, p
In this case we present an example of two Klein surfaces W and W ,1 2
which correspond to each of the above signatures, respectively. Recall that
ˆGD . We choose coordinates so that  of X is the point with ramifica-p
ˆ ² :tion index p in W. In each case, let Z denote the surface W A ; note
that W has genus one. We choose coordinates on Z so that the point at
ˆinfinity on Z lies over x	  on X. It is easy to see that for the first
ˆsignature the four points of X which are ramified in Z have real
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coordinates, while in the latter case two have real coordinates and two
ˆ ˆhave nonreal coordinates. In analogy to section 3 we define W and W by1 2
 p h	 0, w2 z 2 1 z 2 a2 	 0,Ž . Ž .
where
2w 2 z 2 a2 1Ž .
h z , w 	Ž . 2a  1
ˆ ˆand a is chosen to be real for W , but pure imaginary for W . Each surface1 2
possesses the following automorphisms and symmetries:
A  	   , A z 	 z , A w 	 w ,Ž . Ž . Ž .
B z 	 z , B w 	w , B  	 1 ,Ž . Ž . Ž .
 z 	 z ,  w 	 w ,   	 1 .Ž . Ž . Ž .
ˆ ˆ² : ² :In each case, the Klein surfaces W 	W  and W 	W   are1 2 2
examples corresponding to their respective signatures. Note the difference
Ž .in the definition of B z from the previous section.
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